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Force distributions in three-dimensional granular assemblies:
Effects of packing order and interparticle friction
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We present a systematic investigation of the distribution of normal forces at the boundaries of static pack-
ings of spheres. A method for the efficient construction of large hexagonal-close-packed crystals is introduced
and used to study the effect of spatial ordering on the distribution of forces. Under uniaxial compression we
find that the form for the probability distribution of normal forces between particles does not depend strongly
on crystallinity or interparticle friction. In all cases the distribution decays exponentially at large forces and
shows a plateau or possibly a small peak near the average force but does not tend to zero at small forces.
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[. INTRODUCTION variations in the bead parameters, the packing construction,

and the loading conditions. Experimentally, the issue of

In ordinary solids and confined fluids, uniformly applied whetherP(F) depends on interparticle friction in any sig-

loads are distributed homogeneously throughout the materianificant way and whether disordered packings behave differ-
This is not the case for granular materials, which are collecently from highly ordered, crystalline configurations has not
tions of discrete noncohesive macroscopic partifldsFor ~ been tested. Clearly, a perfect, infinite crystal composed of
such systems, stresses are distributed in a highly inhomogédentical grains would result in a delta function f&x(F)
neous manner, along networks containing the largest inte@ince all contact forces are the same in t_h_ls case. However, it

particle forced2—6]. These “force chains” support most of 1S Unknown how the shape &f(F) is modified by the small
the external load, effectively shielding large regions of thegmounts of disorder present in real granular crystals. Also it

material. The probability distributionP(F), of normal is not known how interparticle friction influences the distri-
’ : : : . .. bution of forces.
forces,F, between neighboring particles provides a quantita- . . . .
g gp P d Here we address these issues with a systematic experi-

i Sxtibite aharctoriate difforencas om what would b ENial investigation of the effects BH(F) of packing order
. ) . as well as interparticle friction. Our results confirm the ro-
expected for ordinary solids or fluids.

Recent experiments have measuR(@) at the container bust character of the probability distribution of forces. We
boundaries of granular mediEs—10. When the applied find that P(F) is essentially independent of changes in the

. ) article arrangement from amorphous to crystalline and
loads are small enough not to cause significant particle def:3 g P y

‘ i wo kev feat #(F) h d- first hanges in the particle surface from smooth to rough. In
ormations, o key teatures (F) have emerged: first, articular, we observe an exponential decay over more than
P(F) exhibits an abundance of small force values, even fa

g .5 decades for forces larger than the mean. Below the mean
below the mean forc&; and second, for forces abow  force, our data are consistent with either a flat distribution or
P(F) decays with a characteristic, exponential dependenc% small peak centered close Fo

This unusual shape d?(F) has wide-ranging implications.
Compared to a Gaussian profile, the exponential tail indiygnqy ayailable theoretical model predictions and simulation
cates a significantly higher probability of an individual con- g its we introduce our experimental methods, including
tact force greatly exceeding the mean force. In applicationgeails of the carbon paper technique used to measure normal

with a fixed yield strength, this corresponds to higherso caq and a discussion of the experimental uncertainties. We

chances for material failure. Perhaps even more intrigujng i$hen present results fd?(F) obtained from crystalline and
the nonzero value foP(F) asF approaches zero. Investiga- orphous granular packings using both smooth and rough

tions c'oncerning the structure of force chains have suggestgl qs. We also show hoR(F) evolves with system depth.
that this abundance of low forces could be caused by arching 5| section discusses these results in light of recent ex-
effects[ll—M]. Th‘? shape oP(F) at low forces has also perimental and theoretical work on granular and other
been associated with _glassy b(_eha\ﬁﬂﬁ]. _ jammed systems.

As far as the precise functional form fé&t(F) is con-
cerned, however, there is currently no clear consensus. Sev-
eral fitting forms have been proposed, which differ most Il. BACKGROUND
widely in their predictions foP(F) at low forces, ranging o )
from P(F)—0 [16] to P(F)—o [11,17,18 asF approaches The original g model, proposed by Coppersmigt al
zero. Because of the obvious discrepancies not only amor{@,lfﬂ_captures the dominant behavior B{F) at largeF:
some of these model predictions, but also between certaiR(F/F)xexp(—d F/F), whered is a positive constant. This
model predictions and the available experimental data, it isnodel was extended by Nguyen and Coppersifi®i and
important to test the robustness of the results with regard tby Socolar and SextofR0,21, and Claudinet al. have re-

The paper is organized as follows. After a review of cur-
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lated it to a diffusion equation with an additional randomly -
varying convection ternf22]. Despite this success, these
models predict power-law behavior f&(F) at forces below
the mean force, implyind?(F)—0 as F—0, which dis-
agrees with experimental findingg,8]. Using contact dy-
namics computer simulations, Radgti al. [17,18,23 have
measured(F) and fit it with a slowly diverging power law

below F and with a decaying exponential at large forces.
This form is qualitatively more consistent with experimental
results[7,8].

Recently, the effects of particle deformations on the struc-
ture of force chains have been considered. Simulations by
Makseet al. [9] show evidence for a crossover in the shape
of P(F) from pure exponential to Gaussian as the applied
load is increased. Similar results showing a strong depen-
dence of the force distribution on particle deformation have )
been found in two-dimensiondRD) shear experiments by ¢ e
Howell, Behringer, and Veje using photoelastic polymer 1
disks[24]. However, experiments by /ioll et al. [8] with F o ’ e
no external force do not show pure exponential behavior, -
rather, they are more consistent with the results of Matth CESRREN RS Rt e
al. [7] at higher deformations. This is in agreement with R i e AR ESS
simulations by Thorntori25,26 and Nguyen and Copper- oo sonie e wdkin b wLA sl
smith[27], which show a slow trend toward Gaussian behav- Nron iont e e &
ior at very large deformations with no evidence for a pure e
exponential in the low-deformation regime. NRA kO e g

Simulations by Eloy and Chaent[28] and by Thornton ;

[29] predict a dependence &f(F) on interparticle friction. Non e e

Tkachenko and Witteh30] argue that very large frictional ok

forces lead to elastic behavior; as friction is reduced this

elastic behavior persists, but only at large length scales. Us-

ing adaptive network simulations with zero frictidi31],

they find a form ofP(F) that is qualitatively similar to those FIG. 1. A schematic of the triangular cell used to contain both
found in experiment$7,8] with moderate friction. crystalline and amorphous packs. A force of 7600 N was applied to

P(F) has also been studied in simulations of supercooledhe rigidly constrained shaft on the top piston. The cell is 53 bead
liguids and glassekl5]. For a liquid with a strongly repul- diameters on a side. A portion of a scanned image of the imprints
sive core the tail ofP(F) is found to be a decaying expo- left on the white paper by a crystal pack is shown with a closeup
nential at all temperatures. As the temperature of the liquid isighlighting the crystalline order.
lowered toward the glass transitioR(F) develops a small
peak centered & and is very reminiscent of the experimen- ranged from 1 to 61, with the bulk of the data being taken at
tal data on granular systems found by Muethal.[7]. h=45; fcc crystals were studied with=10. The amorphous
arrangements had a filling height of 12cm, which corre-
sponds to approximately the same number of particles as in
the 45-layer crystals.

We have performed experiments on five different granular
systems. In order to compare our results with the earlier
work of Muethet al [7], we first examined an amorphous
pack of smooth spherical glass beads. We then constructed It is difficult to construct three-dimensional macroscopic
both hcp and fcc crystalline lattices of the spheres and reerystals of granular materials. Vibration methods for crystal-
peated the experiment on these highly ordered systems. lization can efficiently produce triangular close-packed lay-
addition, we examined both amorphous and hcp arrangeers[32]; however these methods do not control the stacking
ments of spheres with roughened surfaces. order of the planes, which is necessary for three-dimensional

The experiments were performed using approximatelycrystal structures. Also, these methods typically result in
70000 soda lime glass spheres with diameter 3.06arge numbers of defect@pproximately 10% which can
+0.04 mm. We used an acrylic container of equilateral tri-ruin long-range order. We have developed a method to con-
angular cross section with a side length of 165 mm, which istruct near-perfect crystals of glass spheres in an efficient
commensurate with our hcp crystalSee Fig. 1L The top  manner. Our technique consists of four steps. First, one lay-
and bottom boundaries of the system were thick, close-fittingr's worth of beads is placed upon a perforated metal sheet
acrylic pistons. The height in layets of the hcp crystals that has small holes arranged in a triangular lattice with a

IIl. EXPERIMENTAL METHODS

A. Crystal packing
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spacing equal to the bead diameter. The array of holes, and
therefore the collection of beads, is commensurate with our
cell. Second, a vacuum is established behind the perforated
plate; this holds the beads in place while the plate is manipu-
lated. Third, the arrangement is inverted and lowered into the
cell, which has been precisely machined to accept a mono-
layer of crystallized beads. The vacuum is then removed to |
release the beads. Fourth, a small number of residual defects |
and grain boundaries are removed by hand before the process
is repeated to add successive layers. By carefully monitoring
the layer-to-layer structure, we were able to create large,
nearly perfect hcp structures of arbitrary height with 1431
and 1 378 particles in alternating layers. Upon construction,
each 45-layer hcp crystal contained 70119 beads with fewer
than 10 beads significantly out of place, and typically these
defects were confined to the edges of the container.

hcp packings of rough spheres were created in the same |
manner. Unfortunately, the etching process reduced the bead
size by a few micrometers, causing a noticeable incommen-
surability between the bead lattice and the cell. This resulted
in a larger number of defects and less stability.

We also constructed a fcc crystal, but boundary effects
made the procedure considerably more difficult. These ef-
fects were minimized by rotating the orientation of the pack
by 30°. A seed layer was used at the bottom of the cell to
arrange the pack in this awkward position. The resulting
packing was incommensurate with our cell and was highly
unstable; for this reason only one smail<10) smooth fcc
crystal was created.

. FIG. 2. Scanning electron microscope imagegafa smooth
B. Rough particles glass bead an¢b) a glass bead after etching in hydrofluoric acid.

Force chains are present only when grains are in contact."® white bar is 10em in length.

This suggests that the highly nonlinear frictional forces be-a pneumatic press, while the bottom piston rested upon a

tween particles may pla_y an important role in determiningf-xed floor. Some force was carried by the walls of the cell,
the network of force chains. To understand the ma_gmtude ut we determined that this was typically less than 10% of
these effects ofP(F), we have variequ, the coefficient of o aohjied force. We measured the normal forces at the

static friction between grains. upper and lower boundaries by placing carbon paper and

A collection of glass spheres was etched in a hydrofluorquhite paper between the granular material and the pistons

acid ?olution (As,:hlandl Chehmiczsrt]I Inc;];f 7:1 buffered OXidﬁ [33]. This allowed each grain at the boundaries to press into
etch for approximately 2 h. The difference _between thehe paper, leaving a mark whose size and intensity were de-
smooth beads and the etched beads was quite apparent N

isual | X Fi 2 sh i | ) ndent upon the normal force on that b¢ad,34. A por-
visual inspection. Figure 2 shows scanning electron micrsin of 5 scanned image of the resulting imprints is shown in

?czpehim_ages of s_mootr; andfe_tched bbeads. We have dquar\gl-g. 1. Roughly 2000 marks from both the top and bottom
ied the increase In surface friction between grains due 19, ,hqaries were identified for each data run. We observed no

etching_ using the apparatus Sho"Y“ s_ch_ematically in Fi_g. 3significant deviations from circular marks, as might be pro-
The ratio of the coefficients of static friction is characterlzedduced by tangential forces.

by the changes in spring length given by After each data run, each sheet of white paper was care-

fully removed and digitized with a flat bed scanner. These

L~
LT

FIG. 3. Schematic of the apparatus for measuring static friction
between two bead§.y is the normal force applied to the beads, and

The experiments were performed as follows. An externalAx denotes the spring elongation required to move the bottom bead,
force of 7600 N was applied to the top piston of the cell withwhich is attached to a low-friction sled.

Mrough AXrough_ AXsled
Msmooth  AXsmooti~™ AXsied

&)

where the change in spring lengtfix is measured at the
point of bead movement, antlx, .4 is included to remove
the contribution from friction of the sled with the base. The
measured ratio was 3#0.3. —

— Fexl

C. Analysis techniques for measuring local forces
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60 ' ' ' D. Systematic and statistical errors

The uncertainties due to the calibrations are an inherent
characteristic of the carbon paper method and represent the
largest contribution to systematic errors. The most significant
problem is the proper interpolation between calibration
points. As shown in Fig. 4b, the two interpolation methods
can lead to significant differences in the intensity-to-force
conversion. It is not clear which of the two fitting methods
gives the more accurate calibrations, although we found the
fourth-order polynomial to produce smoother data. For the
data shown below, we computd?®{f) using both methods
(see insets of Figs. 5 and,@nd we interpret the difference
as an estimate of the systematic error introduced by the cali-
bration.

An additional complication arises from the presence of
10l @) 4 forces below our thrgshold of Qetgctapility, which is approxi-

mately 0.7 N. It is difficult to distinguish between undetect-
ably small forces and missing bead contacts, but the number
20 40 60 80 of forces below threshold can be estimated experimentally
Intensity (arb. units) using the two-sided tape technique described by Meéet.
o _ o _ [7]. An approximate number of very small forces was in-

FIG. 4. Calibration data(a) A typical calibration set fit to a  geried into the force distributions to account for these unde-

global fourth-order polynomialGFP). (b) Percent difference be- o ctaple contacts. Errors in the number of undetectable forces

PNfﬁn the fit (ijn tthe top p%nelggdl_«’:ls:gcg‘l::s';lic/iggppaxﬁ_?lictl)ﬁi?_ o, 2ffect the normalization and thus effectively rescaldn-
0 the same data, given by (LSP- ) - yvhile both in erE:Iuding this source of error, we estimate the uncertainty in

polations fit the data reasonably well, the differences below thethe exponential slope to be approximately 5%
mean force F~7 N) shown in the bottom panel can result in large '
changes to the calculated probability distribution.

F (N)

% Difference

IV. RESULTS

We assembled a large number of amorphous and crystal-

digital images were then processed using image analysi{1e packs of both smooth and rough glass beads and studied
software to find both the area and the intensity of each markhem with the carbon paper technique. As detailed below, the
The force on each bead was extracted from the area arfg'ce distributions exhibit exponential behavior for-1.

intensity of the corresponding feature using calibration!NiS result has been found previously in experiment, theory,

curves taken over the same force range. To account forvari:f(‘-nd S|mulat|_or{7,15,16,23 Our data are cons!stent with a
small peak inP(f) near the mean force or with a plateau

tions in the applied load from run to run, the forces on the T
individual beads were divided by the average force for eac elow the mean force. We fou_nd that the force dlstrlbut_lons,
(f), were well represented in all cases by the functional

data run. A histogram of the rescaled forces was then ave -
aged over typically 10-20 independent data runs and nor-
malized in order to represent the probability distribution of ,
forces,P(f), wheref=F/F. P(f)j=a(l-be M)e 2
Calibration data were obtained by lowering a known mass
connected to a single bead onto carbon paper covering whilghich is a slight generalization of that proposed by Muetth
paper. This system, described in Réf], consisted of a ver- 5| [7].
tical slide with impulse-absorbing springs; a pulley and cable Data was taken at both the top and bottom boundaries of
system was added to ensure that the bead was lowerede pack. Very little force was carried by the walls, so that
slowly and monotonically in order to further eliminate im- the total force at the bottom, as measured from the carbon
pulse forces. Because of the potential variability in carbordots, was typically within 15% of the force at the top. As had
paper, each package of paper was calibrated independentlyeen found previously7], P(f) was equivalent between the
To interpolate a calibration curve from the discrete set oftwo surfaces, and the following data represent an average of
calibration points we used two procedurdd) a global the results at the top and bottom in order to improve the
fourth-order polynomial fit and2) a local sliding parabolic  statistics.
fit with a window of eleven data points. Figuréajt shows a The total forces on both boundaries were typically within
representative set of calibration data together with the fitted5% of the applied force. This result implies that the carbon
fourth-order polynomial. The relationship between force andmarks were dominated by normal forces, as additional tan-
intensity is monotonic but nonlinear. We found that the forcegential forces would have increased the total force. The
distributions were very sensitive to the calibrations, espeequivalence between total measured force and applied force
cially in the low-force regime. also suggests that there were not a significant number of
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FIG. 6. P(f) for () amorphous packs of rough glass spheres
and (b) hcp crystalline packsh=45, of rough glass spheres. The
-1 error bars represent the statistical uncertainty, and the solid line
10 represents a fit to Eq2). Insets show the difference between the
fourth-order polynomial ©) and sliding parabolic @) interpola-
tion methods.
A
102 5(a) showsP(f) for smooth amorphous packs, which have
been calibrated using the polynomial method. The data
shown represent an average over 32 independent packings.
Each run gave approximately 1800 force measurements. The
1072 distribution agrees well with that reported by Muethal.
[7]. The solid line in the figure is a fit to Eq2); the fitting

parameters are shown in Table I. The error bars represent the
statistical error for multiple data sets, and the insets show
f P(f) for low forces calculated using both calibration inter-

FIG. 5. P(f) for (@) amorphous packs of smooth glass SIDheres,polatlon r_nethods. We also measured the correlgtlo_n_s be-
(b) hep crystalline packsh=45, of smooth glass spheres, ai ~ tWeen pairs of normal forces, and we found no significant
an fcc crystalline packh=10, of smooth glass spheres. The error COrrelations for amorphous arrangements.
bars represent the statistical uncertainty, and the solid line repre- P(f) for multiple hcp crystalsh=45, of smooth beads is
sents a fit to Eq(2). Insets show the difference between the fourth- shown in Fig. $b). This represents an average over 26 runs,
order polynomial ) and sliding parabolic @) interpolation  distributed over three different hcp crystals with each run
methods. giving approximately 2200 force measurements. These data

show a similar form to that of the amorphous packs, but
duplicate marks resulting from bead movement as thesthere appears to be a slightly higher peak in the smooth crys-
would also tend to raise the measured total force. tal data for forces near the average valtre,1, as well as a
slightly steeper exponential decay at lafgéVe have seen
some evidence of agin@ gradual settling of the grains into
a more jammed stakdor a single hcp crystal that had been

Amorphous packs were recreated before each run, whicpreviously subjected to more than 40 runs. We have ex-
ensured that each run was independent of the others. Figustuded these data from our results.

A. P(f): Amorphous vs crystalline
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FIG. 7. Force distributions for smooth amorpho@3)( smooth
hcp (@), rough amorphous/A), and rough HCP 4) granular
packs.

To test the robust nature of the probability distribution, a
we constructed an fcc crystal with= 10. Figure %¢) shows
P(f) to be virtually indistinguishable from that obtained for
the hcp crystal. Due to the difficulties of constructing a crys-
tal incommensurate with our cell, only one fcc crystal was
created. The data represent an average of 10 runs with ag
proximately 2000 force measurements each.

-
B. P(f): Smooth vs rough

Amorphous and hcp crystalline packs created with the
roughened beads were also studied. The rough amorphou e e
data were taken from 20 independent packings, each repre 0123 4567012345¢67S38
senting approximately 1800 force measurements. The rough f f
h(_:p crystal (_jata were taken from 10 data runs on one crystal g g Force distributionsP(f), for smooth hcp crystals of
with approximately 2200 force measurements each. The rgrious heightsh. The solid line is a fit to Eq(2) for the h=45
sulting force distributions for the rough beadsg. 6) were  gmooth hep crystal.

not significantly different from the distributions for the
smooth beadsFig. 5). The fitting coefficients are given in bead diameters in height. We are interested in understanding

Table I. how the P(f) distributions are builtup as the height is in-
All systems, consisting of both smooth and rough beads ifreased. We studied this question by varying the number of
both amorphous and crystal packs, showed similar force did@yers in hcp crystals of smooth glass beads. Figure 8 shows

tributions. TheP(f) curves for four systems are shown to- P(f) for hcp crystals of different heights ranging from
h=1 to h=61. For comparison, the solid line in each panel

ether in Fig. 7.
d g represents the fit to Eq2) for the h=45 smooth hcp crys-
o tals. For a single layeh=1, P(f) is determined primarily
C. P(f): Height dependence by the polydispersity of the beads themselves. As the height
The aforementioned experimental results were obtaine@ increased,P(f) evolves toward a height-independent
for hcp crystals and amorphous packs, which were manjorm. We find thatP(f) is robust for pack heights greater

i thanh~15.
TABLE |. Values of fit parameters for the form
P(f)=a[1-bexp(-cf)]exp(d) . D. Particle deformation
Fitting Parameters a b c d Recent simulations on both 2D and 3D bead packs sug-
gest that the form oP(f) depends on particle deformations
Smooth amorphous 15 0.59 3.1 121 [925-27. We calculate particle deformations using a Hert-
Smooth fcc crystal 2.8 0.80 15 1.48
Rough amorphous 2.4 0.75 1.4 1.41 SR 2D2F2 %
Rough hcp crystal 3.9 0.85 0.8 1.60 —= ,
R R4
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WhereEiS the mean force per bead, aRds the bead radius. results SUggeSt that if there is an evolution to a Gaussian

D is determined by material properties: form of P(f) it occurs Only at hlgher applled pressures. In-
deed, 2D shear experiments by Howell, Behringer, and Veje
3(1-0?) [24] find a clear transition to Gaussian behavior for deforma-
I T=R tions (of the order of 29437]) much larger than ours. Like-

wise, simulations by Thorntof25,26 and by Nguyen and
whereo is Poisson’s ratio ané is Young’'s modulus. Soda Coppersmit27] show that this transition occurs only in the
lime glass spheres hawe=0.24 andE=69 GPa[36]. For limit of very large deformations. At the low end of the de-
the data we have presentd®=1.53mm, and=~7.0N, re- formation range, these same simulations do not exhibit the
sulting in particle deformations of 0.2%. We varied the forcePure exponential behavior fét(f) predicted by Makset al.
applied to theh=45 hcp crystals over a range &f from [.9],'but rather_aform qua!ltatlvely similar to our results. The
3.5N to 8.0 N. This corresponded to deformations of 0 12(%}‘mdlng that this form survives down to the limit of extremely

20 his limi f hat f ~ small deformations is_ also corroborateq by the experiments
ﬁa?nedourlo(:\;\(gn;ez imited range, we found the(f) re of Lévoll et al. [8], which measuredP(f) in granular packs

compressed only by the weight of the grains, that is, without
any external forcing. These results are fully consistent with
our data.

Our data forP(f) can be well fit by the form given in Eq. We are able to make qualitative comparisons with the
(2). For forces larger than the mean force, we fol{d) to  predictions of some theoretical and simulation workRgr)
be a decaying exponential. For forces smaller than the medn the f<1 regime. We find thaP(f) does not approach
force, our data are consistent with either a small peak or &ero asf—0, in contrast with the predictions of tiiemodel
plateau. There was very little change in the force distributior{ 16]. Based on simulations, Radjat al. report a slow
when the bead pack was varied from amorphous to crystaPower-law divergence dsapproaches zeid 7,18,23; while
line, although there is some evidence that the exponentighis form is similar to our experimental resultsince the
decay for large forces is slightly steeper in the crystallinepower-law exponent is very smallit does not account for
configurations. There may also be support for an aging effedhe possibility of a peaked distribution near the mean.

(see Sec. IV A although this is still inconclusive. We found ~ Simulations performed by O’'Heret al. [15] on quenched
P(f) to be unaffected when the interparticle coefficient ofmolecular liquids in two dimensions show the most apparent
friction was changed by a factor of 3. similarities to our results. For potentials with finite repulsive

Packing history may also affect the results for an indi-terms, such as a Lennard-Jones potential with a range cut off
vidual data run and could therefore alter the fornPgf). A at its minimum value, thé(f) distribution is indistinguish-
small number of particular runs were found to show signifi-able from our findings. Also, there may exist a correlation
cantly different results, such as pure exponential behaviobetween granular crystals that have aged mentioned
Only after a considerable number of individual experimentsabove and quenched molecular liquids at temperatures well
were performed and averaged could a robust probability disPelow the glass-transition temperature. The increase of the
tribution be presented. We find these variations in the indiexponential slope as well as a slight peak near the mean
vidual runs to be quite remarkable. They may indicate thaforce in crystalline configurations are similar to those found
the system is occasionally caught in a state not representativeé jammed fluids where large forces cannot relax when
of the average configuration. quenched below the glass-transition temperature.

Recent experiments and simulatior(8,24—-27 have
shown that another key factor potentially affecting the shape
of P(f) is particle deformation. Using experiments as well as
simulations, Makseet al. [9] suggest thatP(f) is a pure We thank R. Behringer, S. Coppersmith, Q. Guo, D.
exponentialwithout a peak or plateau belofw 1) for small  Howell, S. Langer, A. Liu, M. Medved, C. O'Hern, R.
deformations that crosses over to a Gaussian centered Barthasarathy, D. Sawicki, A. Tkachenko, M. Upton, and T.
f=1 for sufficiently strong deformations. We estimate theWitten. We especially thank D. Mueth for the background on
amount of radial deformations in these experiments to varwhich this work was built as well as his continued interest,
from 0.09% to 0.4%. Over the comparable range of 0.12% t@omments, and criticisms. This work was supported by NSF
0.2% radial deformation in our paper, however, we do notunder Grant No. CTS-9710991 and by the MRSEC Program
observe any evidence for a change in the fornP¢f). Our  of the NSF under Grant No. DMR-9808595.

V. DISCUSSION AND CONCLUSIONS
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